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ABSTRACT: The Bhatnagar-Gross-Krook version of the Lattice Boltzmann method on two-dimensional Cartesian 
meshes has been used to develop a computational program suitable for the Matlab environment. The basic algorithm 
is implemented with a grid refinement approach that includes an accurate boundary treatment to handle complex 
geometries in the lattice Boltzmann framework. Validation of the program was conducted on a steady flow over a 
staggered bundle of tubes for which data are available. After this preliminary step, the code was applied to the 
calculation of the characteristic aerodynamic parameters at steady state around clean and three ice-accreted 
NACA63-415 profiles at Re 500  at 0    and 8 . Finally, the unsteady nature of the method was used to 
compute flows over this clean and ice-accreted airfoil for an angle of attack of 28   . For all configurations, 
results were compared with computational results carried out with the commercial package fluent. 
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1. INTRODUCTION 

The lattice Boltzmann method (LBM) (Succi, 
2001), built on the Boltzmann equation and 
historically derived from the Lattice Gas Cellular 
Automata (LGCA) methods (Wolf-Gladrow, 
2000), is an emerging alternative to the 
Navier-Stokes (NS) based methods for the 
simulation of fluid flows. The motivations for its 
use are both theoretical and practical. On the one 
hand, the LBM provides a novel perspective on 
complex physical systems based on the averaged 
microscopic properties of fluids. It makes possible 
the expression of a wide range of macroscopic 
flows which are ultimately representative of 
similar molecular states. With its mesoscopic 
definition through the lattice 
Bhatnagar-Gross-Krook (BGK) model it also 
shows exact conservation properties (Bhatnagar, 
1954; Chen et al., 1991; Koelman, 1991; Qian et 
al., 1992). On the other hand, despite its 
microscopic foundation, the method is easy to 
implement, flexible towards additional physics, 
and advantageous for parallelization. 
Based on this theory, which concentrates on the 
calculation of particle distribution functions 
instead of macroscopic flow variables, a 2D 
computational program was developed. A first 
fundamental validation step of the current 
implementation was conducted for a cross-flow in 
a staggered bundle of tubes for which numerical 
data are available. 

After this step, steady flows around three sections 
of an ice-accreted blade were simulated. The basic 
profile is a NACA63-415 used in wind turbines 
and ice conditions correspond to three sections at 
different radial positions. Lift and drag coefficients 
were calculated for angles of 0   and 8  for 
both clean and ice-accreted profiles. The goal of 
these simulations is to confirm the ability of the 
model to calculate the flow around complex shapes, 
like airfoils modified by ice accretion, despite the 
use of Cartesian meshes. 
After these steady state calculations, computations 
of the unsteady flow for clean and ice-accreted 
conditions over the NACA63-415 airfoil for an 
angle of attack of 28    were also conducted to 
assess the performance of the method for handling 
this kind of separated flow. 
For all cases, comparisons with Navier-Stokes 
solutions obtained with commercial finite volume 
package FLUENT were carried out. 

2. THE LATTICE-BGK METHOD 

2.1 Basic concept 

Developed two decades ago, the LBM examines 
the molecular state of fluids instead of the classical 
macroscopic level to conduct flow simulations 
(Succi, 2001; Wolf-Gladrow, 2000). The so-called 
lattice-BGK (LBGK) variant of the LBM 
introduced by Chen et al. (1991), Koelman (1991), 
and Qian et al. (1992), is used in this study. The 
LBGK method is a discrete solution of the 
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Boltzmann transport equation for particle 
distribution functions on a simplified phase space 
(He and Luo, 1997). Usually, this space is 
represented by a Cartesian lattice. 
In the current work, the 2D discretization, known 
as the D2Q9 lattice, sketched in Fig. 1, has been 
adopted. 
With such a type of discretization, molecules are 
considered like sets of particles expressed by 
discrete distribution functions if . These move on 
the lattice from cells to cells along nine directions 

1i   to 9 , with constant molecular speeds ic  
proportional to a constant lattice velocity 
c x t  , where x  and t  are the lattice grid 
spacing and time step. On the D2Q9 lattice (Fig. 1) 
these nine velocities ic  along nine directions are 
eight phase space discretization velocities and a 
ninth with zero speed 9c . 
Additionally, Accordingly, the evaluation of the 
moving particle distribution functions ( , )if tx  

following the discrete molecular speed ic  is 
written as: 

 
( , )

1
( , ) ( , ) ( , )

 





  

i

eq
i i i

f t t t

f t f t f t

ix + c

x x x
 (1) 

The last term represents the BGK collision that 
accounts for the variation of the number of 
particles moving in each direction on the lattice 
due to microscopic inter-particle collisions 
(Bhatnagar, 1954). These collisions are embedded 
in a relaxation time   which is linked to the 
kinematic viscosity   by: 

2 1

3 2

    
 

t c
 (2) 

In order to keep a positive viscosity and to 
guarantee numerical stability, 1 2   is required. 

The equilibrium distribution eq
if  appearing in Eq. 

(1) corresponds to an ideal state to which the 
particle distribution functions tend to a specific 
macroscopic state. This is derived from a 
Maxwellian distribution function and is expressed 
in terms of macroscopic flow characteristics under 
a low-Mach assumption 0.1sMa = c u  ,where 

3sc c , to ensure incompressibility: 

 2

2 4 2

3 9 3
( , ) 1

2 2
eq

i i i if w
c c c

        
 

2u c u+ c u u  (3) 

where   is the macroscopic density of the fluid, 

u  the aforementioned macroscopic flow velocity, 
and iw  weighting factors that depend on the 

lattice and the mesoscopic velocities ic . For the 

D2Q9 lattice the parameters iw  are given as: 

1,2 ,3,4

1

4iw   , 5,6,7 ,8

1

36iw    and 9

4

9iw     (4) 

At each time step, from the distribution functions 
at a mesoscopic level, the macroscopic moments 
for the hydrodynamic pressure P  and for the 
velocity u  are approximated as: 

2

( , )
( , ) ( , )  i

i s

P t
f t t

c

x
x x  (5) 

,( , ) ( , )  i i
i

f t c t ux x  (6) 

The set of equations Eqs. (1-6), with a specific 
boundary treatment, enables to simulate the 
evolution of flows in the lattice Boltzmann 
framework. For simplicity we chose x t   such 
that 1c  . We also consider the simulations in 
lattice units such that 1x lu   and 1t lt  . 

2.2 Boundary conditions 

Like any computational method used for flow 
simulation, the treatment of the boundary 
conditions (BC) is a sensitive part of the method, 
because BC’s are often the sources of inaccuracy 
and instability. The aim behind this aspect of the 
problem consists of defining a mesoscopic state on 
the boundary by knowing the macroscopic flow 
conditions, or knowing the mesoscopic state at the 
boundary. Different types of BC’s have been 
developed (Succi, 2001; Latt et al., 2008). The 
first that we have selected is the halfway 
bounceback along solid walls, where all incident 
distribution functions along the wall are sent back 
to the flow domain such that ( , ) ( , )i if t t f t  x x  

with i i  c c . This BC is very simple, but curved 
boundaries are only approximated by series of 

Fig. 1 Discrete phase space in two dimensions, 
(D2Q9 lattice). 
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stairs, thereby inducing inaccuracies. The second 
BC used in this work makes it possible to set a 
macroscopic conditions through specific 
distributions ,i Boundf , in such a way that they are 

simply replaced with the corresponding 
equilibrium distribution functions Eq. (3): 

 , ,eq
i Bound i Bound Boundf f  u . This technique is used 

to impose either a velocity at the inlet Boundu , a 

density at the outlet Bound  or a symmetric 
boundary. 
Regarding the initial conditions, a unit density and 
a zero velocity are applied throughout the 
computational domain using the equilibrium 
distributions. 

2.3 Grid refinement and curved boundary 
treatment 

The LBGK method and especially the key 
equation, Eq. (1), are explicit, easy to implement, 
and straightforward to parallelize, but were 
devised to be used with a regular lattice structure 
having a uniform spacing. This imposes a 
challenge over the whole domain, that consists of 
obtaining a high resolution discretization near an 
airfoil without wasting simulation time, because 
fine lattices would be required everywhere. This 
resolution dilemma is increased due to the location 
of the inlet and outlet boundaries, which must be 
placed far away to limit its influence close to the 
body field. 
An approach to solve such a quandary is to divide 
the computational domain into a number of grid 
blocks such that in each block a different lattice 
spacing can be used. Several studies addressing 
this multi-block technique for the LBGK method 
have been conducted (Filippova and Hänel, 1998; 
Rohde et al., 2006). In order to efficiently tackle 
the NACA airfoils, we have adopted the 
technique of Dupuis and Chopard (2003), that 
provides an accurate and conservative interface 
treatment between neighbouring blocks satisfying 
the continuity of mass, momentum, and stress. 
With this multi-block technique, the flow domain 
is divided into several Cartesian meshes of 
different sizes, along with a discretization factor 

coarse finem x x  . In order to respect the global 

viscosity in the different domains, involving 
different lattice sizes, the definition of the 
characteristic relaxation time, fine  and coarse , 

between two levels must obey the following rule: 

1 1

2 2fine coarsem     
 

 (7) 

To conduct simulations with the multi-block 
technique, the evolution of particle distribution 
functions is applied independently on each sub 
lattice, with the specific relationship given by Eq. 
(7). At the same time step, a special data transfer, 
from coarse to fine grids and from fine to coarse 
grids, is enforced as given by the following 
equations: 

 


  finefine eq coarse eq
i i i i

coarse

f f f f
m

 (8) 

 


  coarse eq fine eqcoarse
i i i i

fine

m
f f f f  (9) 

The missing distribution functions on interfacial 
nodes are then spatially and temporally 
interpolated between these known distributions to 
complete the interconnection between meshes. 
This idea is illustrated in Fig. 2. A second way to 
improve the accuracy of the LBGK method, while 
keeping Cartesian lattices on the boundaries, is a 
special treatment of curved BC. In addition to the 
multi-block method an improvement of the 
classical bounceback approach was applied. This 
procedure, provided by Mei et al. (1999), allows 
irregularities generated by the regular Cartesian 
mesh of the lattice to be smoothed out. Further, 
this technique enables the correct position of the 
boundaries to be considered. Actually a specific 
treatment of the streaming distribution functions 
is applied along boundary nodes according to the 
distance   between fluid nodes and the wall of 
the profile (Fig. 3):  


 


F W

F S

x x

x x
 (10) 

In this expression, the index F , W , and S  
denote fluid, wall, and solid respectively. The 
post-collision distribution functions if  moving 
from a fluid node to a wall node are sent back to 
the fluid node following a second-order accurate 
treatment. Fig. 3 and Eqs. (11-14) respectively 
illustrate and describe the relations between 
parameters that make it possible to complete the 
bounceback between two time steps along a 
curved boundary: 
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with fictitious distribution functions given by: 
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Fig. 2 Interface structure between two blocks of different lattice spacing, 2m  .
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and the specific parameters: 
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Both aforementioned techniques, grid refinement 
and accurate curved boundary treatment were 
incorporated into our computational program to 
achieve the simulation around the staggered 
bundle of tubes and the NACA profiles. This 
program was applied to evaluate the drag, lift, and 
pressure coefficients  , ,d l pC C C . These 

parameters are defined according to reference 
parameters, the average inlet velocity refu , the 

characteristic length refL , and a reference density 

ref . Thus: 

21
2




 ref

p

ref ref

P P
C

u
 (15) 

2

,
1

2

x
d

ref ref ref

F
C

u L 
  and 

21

2


 y
l

ref ref ref

F
C

u L
 (16) 

where the evaluation of the force components, 

xF  and yF  is achieved at a mesoscopic level 

with considerations of the momentum exchange 
along the profile boundary as suggested by Mei et 
al. (2002). 

3. RESULTS 

Based on the theory described above, a 
computational program was written using Matlab. 
After a set of verifications based on the 
well-known lid-driven cavity problem and the 
flow over the classical backward-facing step, the 
following applications were conducted. 

3.1 The staggered bundle of tubes 

This test case considers the staggered bundle of 
tubes shown in Fig. 4 with a ratio 1.5P D  . The 
Reynolds number is based on the average inlet 

velocity u  and the diameter D  of the 
cylinders. Full details of this test case at Re 20  
with experimental and numerical data are given 
by Watteaux (2008).  
The boundary conditions used for this case are: 
bounceback on solid walls with the improvement 
presented in section 2.3; fixed outlet density 
( 1)out  ; extrapolated outlet velocity; 
extrapolated density and fixed parabolic velocity 
profile (with peaku  the maximum velocity and 

2 3 peaku u  ) at the inlet. The results were 

compared through the study of the aerodynamic 
coefficients, dC and lC with ref out  , refu u  

and refL D  following Eq. (16). 

Because of the presence of the walls, the flow 
around cylinders 2 and 6 should be locally 
asymmetrical and consequently, the lift should not 
be zero over them. It is also expected that this 
phenomenon will disappear as the flow progresses 
towards the second and third rows. Cylinders 1 and 
4 should also have a lower drag than the rest 
because of a lesser influence of neighbouring 
bodies on these. 
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Fig. 3 Curved wall boundary on a regularly spaced 

lattice. 

 
Fig. 4 Staggered bundle of tubes. 

A first calculation was carried out with 
25 1000xlu D lu   and 207ylu lu  which 

denote the number of lattices along the x  and y  
Cartesian coordinates, respectively. The 
simulation parameters are 0.1peaku lu lt , 

40D lu  and the corresponding characteristic 

relaxation time 0.9  . 
In order to verify the grid refinement strategy and 
implementation presented in section 2.3, a second 
calculation was performed with a grid having three 
regions. This idea is depicted for illustration 
purpose in Fig. 5. The central part kept the same 
refinement while the inlet and outlet regions had 
half the number of elements in each direction 
( 2m   between coarse and fine mesh). 
Both types of discretizations led to the same results 
which confirmed that the refinement technique and 
the computer program worked properly. However, 
the solution did not agree with the available data. 
A further investigation was required to elucidate 
this discrepancy. 
In fact, the results were roughly 50% off from the 
reference data. At the same time, a stronger 
acceleration of the flow than that given by 
Watteaux (2008) was found between cylinders 3 
and 5 and the walls. The simulation yielded a 
maximum velocity of max 0.34u lu lt  in this 
region (or 3.4 times the peak velocity at the inlet), 
which was beyond the aforementioned limit for 
addressing incompressibility adequately. A second 
calculation was then tried on the same domain 
imposing an inlet velocity of 0.05peaku lu lt  

instead of 0.1peaku lu lt . To keep the Reynolds 

number equal to 20, a relaxation time of 0.7   
was used. For this new simulation the solution was 
substantially improved with the maximum velocity 
only reaching max 0.14u lu lt  (2.8 times peaku ), 

which is closer to the limit for considering the flow 
to be incompressible. This was not entirely 
satisfactory and a third simulation was then 
conducted with an inlet velocity 0.03peaku lu lt  

with a corresponding relaxation time 0.62   for 
which the maximum velocity, between cylinders 3 
and 5 and the wall, reached max 0.078u lu lt  (2.6 

times peaku ). 

Tables 1 and 2 summarize, respectively, the set of 
drag and lift coefficients, computed with and 
without grid refinement (they match with each 
other) for the three different inlet velocities. 

 

Table 1 Drag coefficients at Re 20  for several inlet 
velocities with LBGK. 

Cylinder
dC  

0.1peaku lu lt
 

dC  

0.05peaku lu lt
 

dC  

0.03peaku lu lt

 

C 
1 
2 
3 
4 
5 
6 

35.43 
24.65 
34.10 
38.44 
18.89 
38.44 
34.10 

24.60 
17.86 
24.23 
25.62 
12.94 
25.62 
24.23 

23.19 
16.89 
22.91 
24.07 
12.23 
24.07 
22.91 

Table 2  Lift coefficients at Re 20  for several inlet 
velocities with LBGK. 

Cylinder
lC  

0.1peaku lu lt

 

lC  

0.05peaku lu lt

 

lC  

0.03peaku lu lt

 
C 
1 
2 
3 
4 
5 
6 

0 
0 

-0.59 
-0.072 

0 
0.072 
0.59 

0 
0 

-0.45 
-0.0074 

0 
0.0074 
0.45 

0 
0 

-0.47 
-0.018 

0 
0.018 
0.47 

Table 3 Comparison of aerodynamic coefficients at 
Re 20 . 

 
Cylinder dC  

CADYF
dC  

FLUENT
dC  

LBGK 
lC  

CADYF 
lC  

FLUENT
lC  

LBGK 

C 
1 
2 
3 
4 
5 
6 

23.18
16.96
22.92
23.96
12.20
23.96
22.92

23.17
16.86
22.91
23.95
12.20
23.95
22.91

23.19 
16.89 
22.91 
24.07 
12.23 
24.07 
22.91 

0 
0 

-0.47 
-0.0087 

0 
0.0087 
0.47 

0 
0 

-0.38
-0.003

0 
0.003
0.38 

0 
0 

-0.47
-0.018

0 
0.018
0.47 
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Fig. 5 Three zone grid. 

 

Fig. 6 Pressure distribution around the bundle of tubes at Re 20 . 

It is clear that the results heavily depend on how 
the incompressibility of the flow is satisfied. 
Table 3 shows the most accurate results, when the 
inlet velocity 0.03lu lt  together with coefficients 
obtained with the commercial software FLUENT 
and for this case, with data calculated using 
CADYF (Watteaux, 2008). This later is a very 
accurate and proven Navier-Stokes solver based 
on the finite element method that uses high order 
time integration (Etienne et al., 2009). The 
inspection of Table 3 indicates that the agreement 
of both aerodynamic coefficients is generally very 
good. 
One can also underline the 
symmetric-antisymmetric nature of the flow as 
expected. The same drag coefficient is found for 
cylinders (2, 6) and (3, 5) while the lift parameter 
is virtually null for all cylinders with the exception 
of numbers 2 and 6, for which the flow in not 
symmetric around them. As expected, the drag is 
lower for the first and last centerline cylinders 1 
and 4, respectively. 
A final comparison is given considering the 
pressure drop between the inlet inP  and the outlet 

inP   (based on in  and out  following Eq. (16) 
on the centerline of the channel). Specifically, the 
dimensionless pressure drop given by 

21

2

in out

ref ref

P P
P

u


   (17) 

leads to 19.5P  , with ref out   and refu u , 

while the values provided by CADYF’s and 
FLUENT softwares are 19.4P   and 19.9P  , 
respectively. These results are also in good 

agreement. Fig. 6 illustrates the predicted pressure 
field. 

3.2 The NACA63-415 airfoil 

Following the previous test case used to verify the 
program that includes both multiple grid 
refinement and curved boundary treatment, the 
flow around the NACA63-415 airfoil under clean 
and ice-accreted conditions was then studied. 
Simulations were carried out for laminar flows and 
for a Reynolds number limited to Re 500 . This 
value is clearly low for typical aerodynamic 
simulations, but the basic lattice Boltzmann 
formulation is only suitable for low Reynolds 
numbers; this is due to stability issues related to 
the relaxation time .  Some models and methods, 
however, permit turbulent flows to be treated. The 
most appropriate one is the LES (Large Eddy 
Simulation) formulation with Smagorinsky model, 
where turbulence can be taken into account by 
modifying the relaxation time .  The LES 
method is more relevant for 3D flow simulations 
while  this  s tudy only concerns 2D-flow 
configurations.  Further, the present work is 
aimed to test the ability of the current LBM 
formulation to handle complex geometries for 
laminar flows. The proposed formulation is 
applied by using 3 levels of refinement and a factor 

5m   between each mesh level, as shown in Fig. 7. 
For a length of the profile of 0.6C m  the chosen 
adimensionalized length of the airfoil on the coarse 
mesh is , 12.5c refL lu  such that the length of the 

flow domain ,33.6 420x c reflu L lu    and the 

height ,20 250y c reflu L lu   .  Regarding the 

boundary conditions, a solid wall with curved 
boundary treatment is applied along the airfoil, a  
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Fig. 7 Flow domain with multi-blocks approach and a refinement factor 5m  .

flow inlet is imposed on the left with 
0.1 0.1u m s lu lt    and extrapolated density. 

For both upper and lower boundaries symmetry is 
considered, that is to apply opposite normal 
velocity with extrapolated density. Finally, at the 
outlet the density 1out   is enforced and the 
velocity is extrapolated. The corresponding 
kinematic viscosity on the coarse mesh is 

4 21.2 10 m s   and with these parameters the 

characteristic relaxation time becomes 0.5075c  . 
On the first refinement the chord of the profile is 
then 1, ,5 62.5ref c refL L lu   , and following Eq. (7) 

the characteristic relaxation time is 1 0.5375  . 
On the finest refinement the length of the profile is 

2, 1, ,5 5 5 312.5ref ref c refL L L lu       and the 

characteristic relaxation time is 2 0.6875  . 
For the ice-accreted cases different shapes were 
obtained from experimental studies carried out in a 
refrigerated wind tunnel. The particular interest in 
this profile consists of studying the modification of 
aerodynamic parameters when ice forms on the 
blades of wind turbines. It is known that this kind 
of shape variation causes significant losses in 
turbine performance. 
In order to have an appreciation of the impact of 
the ice on the aerodynamic coefficients and to 
verify the ability of the LBGK to take into account 
complex geometries, calculations were first 
performed for the clean profile at an angle of attack 
of 0   . The flow regime of these simulations is 
steady, results are thus compared through a study 
of the aerodynamic parameters pC , dC  and lC  

(Eqs. (15), (16)) with refu u , 2,ref refL L , ref  

the centerline inlet density and refP  based on this 

density following Eq. (5). 
First, LBGK and FLUENT pC  evaluations over 

clean and ice-accreted NACA63-415 airfoils along 
the chord are presented in Figs. 8, 9, 10 and 11. 
The computed pC  distribution indicates that the 

ice shape is well accounted for, despite the 
fundamental difference on the formulation and on 
the meshing of the two methods. Nevertheless, a 
closer observation indicates the presence of few 
spikes in the results obtained with FLUENT which 
do not appear in LBGK calculations. These 
features are only present in cases with ice accretion. 
It is possible that this behaviour is due to the 
roughness induced by the ice layer on the leading 
edge. It should also be noticed that unlike 
FLUENT, the shape of the same profile in the 
LBGK method is taken into account by regular 
Cartesian meshes. A refinement treatment around 
airfoil and curved boundaries is then required to 
improve the accuracy (section 2.3). In addition, the 
Cartesian discretization implies that distribution 
functions and macroscopic quantities are not 
completely known on the airfoil boundary but they 
only can be evaluated on nearest cells. This 
drawback produces a smoothing on pC  values 

calculated from the lattice Boltzmann method. 
 

 

Fig. 8 pC  distribution along the chord of clean 

NACA63-415 at Re 500 , 0   . 

PC

PC

FLUENT

LBGK

x
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Fig. 9 pC  distribution along the chord of 

ice-accreted section number 1 of 
NACA63-415 at Re 500 , 0   . 

 

Fig. 10 pC  distribution along the chord of 

ice-accreted section number 2 of 
NACA63-415 at Re 500 , 0   . 

Concerning the values of dC  and lC obtained 
under steady state conditions and summarized in 
Table 4, a very good agreement is found for the 
drag coefficient while some discrepancies are 
observed in the lift parameter. As already 
mentioned, the impossibility of correctly handling 
irregular surfaces produces a smoothness of 
macroscopic quantities which may lead to 
differences on the computed coefficients. Note that 

dC  coefficients obtained with both methods are 
identical for clean airfoils and only a minor 
discrepancy is observed when ice is present. This 
behaviour is similar to the one previously found 
for the pressure coefficient. In turn, a comparison 
of calculated lift coefficients with 0    is more  

 

Fig. 11 pC  distribution along the chord of 

ice-accreted section number 3 of 
NACA63-415 at Re 500 , 0   . 

cumbersome to analyse. In fact, for this angle of 
attack the values are very small; thus, error 
analyses can bring about higher relative errors.It is 
obvious that these errors must be less significant 
with increasing the absolute value of lC . As 

shown in Table 5, the difference between lC  
values calculated with FLUENT and the LBGK 
method, for 8    are quite similar. 
After these tests for stationary flows, the study of 
the unsteady flow over the profile inclined at 

28    was carried out using a similar domain 
with a refinement factor of 4m  , the 
corresponding relaxation times are 0.5075c  , 

1 0.53   and 2 0.62  .A test on a clean airfoil 
was first performed to determine the capabilities of 
the proposed methodology to handle unsteady 
separated flows. Although not fully equivalent, 
this test was found necessary prior to the study of 
separation triggered by ice accretion at the leading 
edge. As in previous cases, the results computed 
with the LBGK program are compared with 
numerical solutions obtained with FLUENT. The 
evolution of dC  and lC  obtained with the current 
method and with FLUENT is shown in Fig. 12 for 
the clean profile and Fig. 13 for the ice-accreted 
section number one (depicted in Fig. 9). Periodic 
oscillations of the coefficients express the regular 
formation and release of vortices in the wake of the 
profile (Fig. 14). 
For this unsteady case, both methods give a quite 
similar time evolution of characteristic coefficients. 
They are of the same magnitude, follow a similar 
regular release of vortices and with closer 
examination, as at 0   , ice accretion induces an 
increase in drag and lift. Table 6 compare the 
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x
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Table 4 Aerodynamic coefficients for flow around clean and several sections of ice-accreted NACA63-415 at 
Re 500 , 0   . 

Cases Methods 
dC  lC  dC  difference lC  difference

Clean 
0  

FLUENT 
LBGK 

0.1809 
0.1809 

-0.0057 
-0.0045 

 
0 % 

 
21 % 

Ice-accreted section 1 
0  

FLUENT 
LBGK 

0.1820 
0.1823 

-0.0072 
-0.0173 

 
0.16 % 

 
140 % 

Ice-accreted section 2 
0  

FLUENT 
LBGK 

0.1830 
0.1837 

0.009 
-0.0005 

 
0.4 % 

 
105 % 

Ice-accreted section 3 
0  

FLUENT 
LBGK 

0.1919 
0.1925 

0.0193 
0.0178 

 
0.31 % 

 
7.7 % 

 

Table 5 Aerodynamic coefficients for flow around clean NACA63-415 airfoil at Re 500 , 8   . 

Cases Methods 
dC  lC  dC  difference lC  difference 

Clean 
8  

FLUENT 
LBGK 

0.2022 
0.2022 

0.3622 
0.3558 

 
0 % 

 
1.8 % 

 

 
Fig. 12 Unsteady drag and lift coefficients on the 

clean NACA63-415 at Re 500 , 28   . 

 
Fig. 13 Unsteady drag and lift coefficients on the 

ice-accreted section 1 of NACA63-415 at 
Re 500 , 28   . 

periods predicted by the lattice Boltzmann and 
Navier-Stokes approaches. It is noted that for this 
case there is a geometric factor of 3 regarding the 
length of the physical cord on the clean ( 0.6C m ) 

and the ice-accreted ( 0.6C m ) profiles. This has 
naturally a direct influence on the time length the 
time length on the period of oscillations. 

 

 
Fig. 14 Vortex development behind the NACA63-415 

airfoil at Re 500 , 28   . 

Despite the differences in the model, the 
calculation method, and the gridding, it is 
encouraging to find that the study of the 
NACA63-415 profile with LBGK and NS solvers 
provides results which show good agreement 
under both steady and unsteady conditions. 

4. CONCLUSIONS 

A basic LBGK algorithm has been implemented, 
along with the following improvements; multiple 
gridding approach and curved boundary treatment. 
The resulting computational program was 
validated by simulating laminar flows at low 
Reynolds numbers on a test case regarding a 
staggered bundle of tubes and over a 
NACA63-415 airfoil under clean and ice-accreted 
conditions. Numerical predictions were compared 
with results obtained with Navier-Stokes solver 
FLUENT using finite volume formulation. For 
both applications, the lattice Boltzmann method 
and the Navier-Stokes based solver showed very 
similar results. 
The test over the bundle of tubes allowed to verify 
that multiple embedded grids and treatment for 
curved boundaries were implemented adequately. 
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Table 6 Period of the oscillations around clean and 
ice-accreted NACA63-415 at Re 500 , 

8   . 

Methods 
Period [seconds] 

clean profile 
Period [seconds]

iced profile 

FLUENT 31 s 10.4 s 

LBGK 30.3 s 10.1 s 

% difference 2.25 % 2.88 % 

 
This case showed the direct impact of the 
compressibility limit on the solution accuracy. 
For the NACA profile, good predictions of the 
influence of ice accretion at the leading edge of the 
airfoil were also obtained. With a simple gridding, 
the LBGK method is shown to be an alternative to 
classical NS solvers, mostly due to the intrinsic 
unsteady character of the method. This was 
verified for the flow over the airfoil under clean 
and ice-accreted conditions for an angle of attack 

28   . The computed evolution of unsteady lift 
and drag coefficients agreed very well with the 
solution obtained via FLUENT. 
Now that the ability of the LBGK method to 
simulate laminar flows around NACA airfoils has 
been shown, the next step will be flow simulation 
at high Reynolds numbers, especially regarding 
turbulence. Another possible evolution concerns 
the flexibility of the method towards additional 
physics. In fact, thanks to the fundamental 
mesoscopic approach of the method, with 
particular distribution functions devoted to thermal 
problems and multiphase flows, it should be 
possible to predict ice formation and ice impact in 
a single simulation. (The Matlab computational 
code used in this study is available on demand.) 
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